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An axiomatic characterization is obtained for a differential operator which 
arises when the three-dimensional wave equation is solved in ellipsoidal 
coordinates. The Hilbert spaces of entire functions which appear in the 
eigenfunction expansion are shown to be related to the Jacobi spaces of entire 
functions [l]. Pairs of spaces which coincide as sets are considered. An 
identity relates the norms of the spaces. 
The Lam&Jacobi spaces, like the Jacobi spaces, are examples of Hilbert 
spaces of entire functions which have these properties [2]: 
(HI) Whenever@) is in the space and has a nonreal zero w, the function 
F(x) (z ~ w)/(z - w) belongs to the space and has the same norm as F(x). 
(H2) For each nonreal number w, the linear functional defined on the 
space by F(z) + F(w) is continuous. 
(H3) The function F*(z) =F(z) belongs to the space whenever F(z) 
belongs to the space, and it always has the same norm as F(z). 
The theory of these spaces is related to the theory of entire functions E(x) 
which satisfy the inequality 1 E(x - +)I < 1 E(x + i)l for y > 0. If E(z) 
is any such function, write E(z) = A(z) - iB(z), where A(z) and B(z) are 
entire functions which are real for real x, and 
K(w, 27) = [B(x) A(w) - A(z) B(w)]/[Tr(z - W)]. 
Let S?‘(E) be the set of entire functions F(z) such that 
and such that 
IIF(t)ll” = J+” I F(t)/E(t)l2 dt < co 
-co 
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for all complex z. Then X(E) is a Hilbert space of entire functions which 
satisfies the axioms (HI), (H2), and (H3). For each complex number w, 
K(w, x) belongs to the space as a function of z, and the identity 
holds for every element F(x) of the space. A Hilbert space of entire functions 
which satisfies the axioms (Hl), (H2), and (H3), and which contains a 
nonzero element, is equal isometrically to a space Z(E). 
The spaces now studied satisfy a symmetry condition which appears in the 
theory of Jacobi spaces [2]. Let h be a given real number. If S?(E) is a given 
space such that A(z) and (x + h) B( x are even functions of x, then the func- ) 
tions F(- z) + h[F(- x) - F(z)]/z belongs to the space whenever F(z) 
belongs to the space, and it always has the same norm as F(z). Any Hilbert 
space of entire functions which satisfies the axioms (Hl), (H2), and (H3), 
which contains a nonzero element, and which admits the transformation 
q.4 -+F(- 2) + w- 2) - F( x )I/ x as an isometry, is equal isometrically 
to a space S(E) such that A(z) and (z + h) B(x) are even functions of z. 
THEOREM 1. Let h and k be given numbers, 0 < h < k < 1, and let X+ 
and%‘- be Hilbert spaces of entire functions which satisfy the axioms (Hl), (H2), 
and (H3) and which admit the transformation 
F(z) +F(- .z) + h[F(- x) - F(x)]/x 
as an isometry. Assume that ST+ and X- coincide as sets and that the identity 
<(t” - l)F(t), G(t))+ = <(t2 - k’)F(t), G(t)>- 
holds for every element G(z) of the space when F(x) belongs to the domain of 
multiplication by x2 in the space. Assume that the space contains elements having 
non.zero values at 1 and k. If the domain of multiplication by z2 contains a non- 
zero element, then .Z+ is equal isometrically to a space Z(E+) and X- is equal 
isometrically to a space s?(EJ such that A+(x), (z + h) B+(z), A-(z), and 
(z + h) B-(x) are even functions of .z and such that the identities 
B-W [(z + 4 B+M A+(l) - (1 + 4 A+(4 B+U)1/(x2 - 1) 
= B+(l) [(z + h) B-(z) A-(k) - (k + h) A-(x) B-(k)]/(z2 - k2) 
and 
A-W Ml - 4 B+(z) A+(l) - (2 - 4 A+(z) B+U)ll(s2 - 1) 
= A+(l) [(k - h) B-(x) A-(k) - (x - h) A-(x) B-(k)]/(z2 - k2) 
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are satisfied. The identities (1 + h) A+(z)/(z2 - 1) = (K + h) A-(z)/(s2 - k2) 
and (k + h) B+(z) = (1 + h) B-(z) hold if A+(l) = 0 OY A-(k) = 0. The 
identities 
and 
(k - h) A+(z) = (1 - h) A-(z) 
(1 - h) B+(z)/(z2 - 1) = (K - h) B-(z)/(z2 - k2) 
hold if B+(l) = 0 or B-(k) = 0. 
These necessary conditions are also sufficient. 
THEOREM 2. Let h and k begiven numbers, 0 < h < k < 1, and let Z(E+) 
and H(K) be spaces such that A+(z), (z + h) B+(z), A-(z), and (z + h) B-(x) 
are even functions of z and such that E+(x) and E-(z) have nonzero values at 1 
and k. Assume that the identities 
u4 Lb + 4 B+(4 A+(l) - (1 + 4 A+(4 B+vM~2 - 1) 
= B+(l) [(z + h) B-(z) A-(k) - (k + h) A&) B-(k)]/(z2 - k2) 
and 
A-W [U - 4 B+W A+(l) - (2 - 4 A+(4 B+UW(~2 - 1) 
= A+(l) [(k - h) B-(z) A-(k) - (z - h) A-(z) B-(k)]/(z2 - k2) 
are satisfied, that (1 + h) A+(z)/(z2 - 1) = (k + h) A-(x)/(x2 - k2) and 
(k + h) B+(z) = (1 + h) B-(z) ;f A+(l) = 0 or A-(k) = 0, and that 
and 
(k - h) A+(z) = (1 - h) A-(z) 
(1 - h) B+(z)/(z2 - 1) = (k - h) II-(z)/(z2 - k2) 
if B+(l) = 0 or B-(k) = 0. Then .X(E+) and Z(E-) coincide as sets and the 
identity 
<(t2 - l)F(t), G(t))+ = ((t2 - k2)F(t), G(t))- 
holds for every element G(x) of the space when F(z) belongs to the domain of 
multiplication by .z2 in the space. 
Hilbert spaces whose elements are pairs of entire functions are used to 
study isometric inclusions of spaces S(E). Let I denote the matrix (t -3. 
A bar is used for the conjugate transpose of a matrix. If 
is a matrix of entire functions which are real for real z, if the matrix identity 
M(2) ziiqq = z 
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holds, and if the matrix inequality 
[M(z) IM(z) - I]/(2 ~ z) 5’ 0 
is satisfied, then there exists a unique Hilbert space X’(M), whose elements 
are pairs (FT$) f t’ f t’ o en rre uric rons, such that the pair 
M(x) Ilvqw) - I u 
2x(z ~ w) 0 v 
belongs to the space for all complex numbers u, o, and w, and such that the 
identity 
holds for every element (2:::) f h p o t e s ace. Let S(E(a)) and X(E(b)) be 
given spaces such that %(.!?(a)) is contained isometrically in &‘(E(b)) 
and such that E(a, .a)/E(b, .a) has no real zeros. Then there exists a unique 
matrix valued entire function M(a, b, a) such that a space ti(M(a, b)) exists 
and such that 
(W, 4, w, 4) = (4% 4, w, 4) Ya, b, 4. 
If 4% 4, (z + 4 B(a, 4, w, 4, and (.a + h) B(u, 2) are even functions 
of x, then it is known [I] that A(u, b, x), (a + h) B(u, b, z), (a - h) C(u, b, z), 
and D(u, b, ,z) are even functions of a. A solution of the structure problem can 
be given for pairs of spaces which satisfy the hypotheses of Theorem 1. 
THEOREM 3. Let h and h be given numbers, 0 < h < k < 1. Let a+(t), 
y+(t), a-(t), and y-(t) be continuous, nondecreusingfunctions of t > 0 such that 
a+(t) > 0 and a-(t) > 0 for t > 0, such that lim a+(t) = 0 and lim a-(t) = 0 
us t L 0, and such that the integrals J-i a+(t) dy+(t) and li a-(t) dy-(t) are 
Jinite. Let E+(t, z) and E-(t, z) be the unique entire functions of Pdlyu class, 
t > 0, such that A+(t, z), (x + h) B+(t, z), A-(t, z), and (x + h) B-(t, z) are 
even functions of x for each fixed t, such that E+(t, z) and E-(t, z) are continuous 
functions of t for each fixed z, such that the integral equations 
A+@, 4 - A+(& z) = (2 + h) j” B+(t, 4 4+(t)> 
0 
B+(b, 4 - B+(a, 2) = (2 - 4 j” A+(t, z) da+(t), 
a 
&(a, z) - A-(b, z) = (z + h) jb B-(6 z) dye(t), 
0 
B-(b, .z) - B-(a, z) = (z - h) jb Ap(t, z) da_(t) 
a 
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are satisfied when 0 < a < b < co, and such that lim E+(t, x) == 1 - h and 
lim E.(t, z) = k - h as t L 0. Assume that A+(t, 1) = 0 when, and only when, 
A-(t, k) = 0, that B+(t, 1) = 0 when, and only when, lL(t, k) = 0, and that 
the equations 
j” A+(t, 1)2/B+(t, 1)” da+(t) = j” A-(& k)2/B-(t, k)2 da-(t) 
a a 
and 
j” B+(t, 1)2/A+(t, 1)2 dy+(t) = j” B-(t, k)2/A-(t, k)2 dy-(t) 
a a 
hold in any interval (a, b) where A+(t, 1) and B+(t, 1) have no zeros. Then 
E+(t, z) and G(t, x) are related as in Theorem 2 for every positive number t. 
These are essentially all the pairs of entire functions of P6lya class which 
are related as in Theorem 1. 
THEOREM 4. If E+(z) and E-( z are given entire functions of Pdlya class ) 
which are related us in Theorem 1, then there exists a choice of a+(t), y+(t), 
a-(t), and y-(t) in Theorem 3, a number a > 0, and un even entire function 
S(z) of Pdlyu class, which is real for real z, such that E+(z) = S(x) E+(u, z) 
and E-(z) = S(z) E-(a, z). 
The Lam6 spaces are obtained when an additional condition is imposed 
on Z(E+) and Z(E-). The condition is hereditary in subspaces. 
THEOREM 5. Assume in Theorem 4 that a space X(M) exists, 
with 
E+(z) = (1 - h) A(z) - i(1 - h) B(z) 
E-(x) = (k - h) D(- .z) - i(k - h) C(- x). 
Then S(z) = 1, and the functions a+(t), y+(t), a-(t), and y-(t) can be chosen so 
that a space X(M) exists, 
A@, 4 W, 4 
M(tJ x) = (C(t, x) qt, x) 1 
with 
E+(t, z) = (1 - h) A(t, z) - i(1 - h) B(t, z) 
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and 
qt, x) = (k - h) D(t, - z) - i(k - h) C(t, - z) 
for every positive number t. 
The construction of Lam6 spaces uses the elliptic functions sn(t, k), 
cn(t, k), and dn(t, k) which, for any given parameter k, 0 < k < 1, are the 
solutions of the equations 
sn’(t, h)2 = [l - sn(t, k)2] [I - h%n(t, k)2], 
cn’(t, k)2 = [I - cn(t, h)2] [l - k2 + h2cn(t, li)2], 
dn’(t, h)2 = [l - dn(t, h)2] [dn(t, h)2 - 1 + k2] 
with the initial conditions 
sn(0, h) = 0, sn’(0, h) > 0, cn(0, h) = 1, cn’(0, k) < 0, 
dn(0, h) = 1, and dn’(0, h) < 0. 
THEOREM 6. Let h and h be given numbers, 0 < h < h < 1, and let a(t) 
and y(t) be the dz~erentiable increasing functions of t > 0, having value zero 
at the origin, such that 
(k -b h) y’(t) = (1 - h2) dn2(t dl - h2, V’l/k2/1/1 - h2) = (h + h)la’(t). 
For each complex number z, let 
A(4 z> w, 4 
M(ty 4 = iC(t, x) qt, z) 1 
be the unique continuous, matrix valued function of t 3 0 which satisfies the 
integral equations 
1 - Aa,,4 = (z + 4 ja W, 4 44, 
0 
B(a, z) = (x - h) j: A(t, z) da(t), 
- C(a, 4 = (z + h) 1: W, 4 44th 
D(a, z) - 1 = (z - h) 11 C(t, z) da(t). 
Then a space #(M(a)) exists for eerery positive number a, and the functions 
E+(a, z) = (1 - h) A(a, z) - i(1 - h) B(a, z) 
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E-(a, 2) = (k - h) D(a, - z) - i(k - h) C(a, - 2) 
are related as in Theorem 1 with 
(k - h) A+(a, 1) 
dl - h2 B+(a, 1) 
_- ___ 
= cn(a d1 - h2y ~‘1 - k2/dl - h2) dn(a 1/l - h2, dl _ k2/2/1 _ hZ) ___ -~ 
m(adl - h2, 2/l - kz/2/1 - h2) 
and 
41 - h2 A-(a, k) 
(1 + h) B.-(a, k) ___ 
da dl - h2, dl - P/v’/1 - h2) ~_ -. 
= Sn(a 1’1 - h2, dl - kz/l/l - h2) dn(a 1/l - h2, 1/l _ kz/dl _ h2) 
These are all the pairs of spaces which satisfy the hypotheses of Theorem 5. 
THEOREM 7. Let h and k be given numbers, 0 < h < k < 1. If Z(M) is a 
given space, 
4) w4 
M(z) = L(a) D(z) 1 ’ 
such that the functions 
and 
E+(x) = (1 - h) A(z) - i(1 - h) B(z) 
G(z) = (k - h) D(- z) - i(k - h) C(- z) 
are related as in Theorem I, then M(z) = M(a, x) for some positive number a in 
Theorem 6. 
The entire functions which belong to these spaces are characterized by 
growth conditions in the complex plane. 
THEOREM 8. Let h and k be given numbers, 0 < h < k < 1. A necessary 
and su@ient condition that an entire function F(z) belong to the space X(E+(a)) 
of Theorem 6 is that it be of exponential type at most a and that 
(t + 4 (t2 - k2) dt < co 
(t - h) (t2 - 1) 
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with integration over the union of the intervals (--- co, -- l), (- k, - h), 
(h, k), and (1, XZJ). The integral is then equal to (I - h) (k - h) Ii F(t)ll’- . 
‘3 necessary and su#icient condition that an entire function F(z) belong to 
Z(E-(a)) is that it be of exponential type at most a and that 
1 iVV~ -- 
(t -+ h) (t” - I) 
(t - h) (P - k2) dt < O3 
with integration over the same set. The integral is then equal to 
(1 - h) (k - h) 11 F(t)/? . 
The expansion theorem for Lam6 spaces is a close generalization of the 
Fourier transformation. 
THEOREM 9. Let h and k be given numbers, 0 < h < k < 1. In Theorem 6, 
define the function @+(t, z) by 
and 
@+(t, z) = A+(4 z) da’(t) - iB+(t, 4 2/y’(t) 
@+(- 4 z) = A+(4 2) d a’(t) + iB+(t, z> 4 y’(t), 
when t > 0, and the function @-(t, x) by 
and 
@-(t, .z) = A-(t, z) d d(t) - iB-(4 z> dy’(t) 
@-(- t, X) = A-(t, z) d d(t) + iK(t, 4 d r’(t) 
when t > 0. If f (t) is a square integrable function of real t which vanishes outside 
of (- a, a), then 
27rF(z) = I+” f (t) @+(t, z) dt 
--m 
belongs to #(E+(a)) and 
277 II WI? = j-+m If(t)? dt. 
--m 
Every element of &(E+(a)) is of this form. If f(t) and g(t) are square 
integrable functions of real t which vanish outside of (- a, a), and if F(z) 
and G(z) are the corresponding elements of S(E+(a)), then the condition 
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G(x) = zF(z) holds when, and only when, f(t) is (equiwalent to) an absolutely 
continuous function of t such that 
g(t) = -f’(t) + hf(- t) 
( 
(1 - k2)sn(t dl, dl - P/d1 - h2) 
+ #(- t) x cn(t dl - h2, dl - k2/dl - h2) 1 
2/l - h2dn(t dl - h2, 1/l - hz/z/l - h2) 
almost everywhere. If f(t) is a measurable function of real t which vanishes 
outside of (- a, a), then 
2&7(z) = /+mf(t) @(t, z) dt 
--I) 
belongs to #(E-(a)) and 
27r IIF(t)ll” = jle I f(t)12 dt. 
--m 
Every element of S(E-(a)) is of this form. If f(t) and g(t) are square inte- 
grable .functions of real t which vanish outside of (- a, a), and if F(z) 
and G(z) are the corresponding elements of #(E-(a)), then the condition 
G(z) = zF(z) holds when, and only when, f(t) is (equivalent to) an absolutely 
continuous function of t such that 
g(t) = - if’(t) + hf(- t) 
( (1 - k2) sn(t 2/l - h2, -\/I - h2/& -_ h2) ___ X Cn(t dl - h2, 2/l - p/d1 _. h2) - if(- t) -- -___  -__ ===- 
~‘1 -h2dn(t2/1 - h2,1/1 ---hz/dl - hz) 
almost everywhere. 
Proof of Theorem 1. By Theorem 15 of [I], A@+ is equal isometrically to a 
space X(E+) and X is equal isometrically to a space S’(E-) such that 
A+(x), (z + h) B+(x), A-(x), and (z + h) B-(z) are even functions of z. 
Since A?+ and K coincide as sets, E+(z)/E.(z) is continuous at h and has a 
nonzero value there. Choose E+(z) and E-(z) so that E+(z)/E...(z) has value 
(1 - h)/(k - h) at h. Since there exist elements of the space which have 
nonzero values at 1 and k, E+(z) and E-(z) have nonzero values at these 
points. It follows that F(z)/(z - w) belongs to the space whenever F(z) is an 
element of the space which vanishes at w, w equal to 1, - 1, k, or --K. The 
hypotheses imply that the identity 
<F(t) (t2 - k2)l(t2 - 11, G(t))- = (F(t), G(t))+ 
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holds for every element G(a) of the space when F(z) is an element of the 
space which vanishes at 1 and - 1. Let S( + 1, a) be an entire function 
which has value 1 at the point &l such that [F(z) - S( & 1, z)F(f l)]/(.a T 1) 
belongs to the space whenever F(z) belongs to the space. The expression 
0-v) + $(I - q [W) - S(l, t)ql)ll(t - 1) 
- i(l - k2) P’(t) - S(- 1, t)F(- l)l/(t + 11, G(t))- - (F(t), G(t)>+ 
vanishes wheneverF(z) is an element of the space which vanishes at 1 and - 1. 
It follows that the expression is of the form 
;(I - k2)F(l) (R(1, t), G(t))- - i(l - k2)F(- 1) (R(- 1, t), G(t))- 
for some elements R( 1, a) and R( - 1, z) of the space. The choice of S( I, a) 
and S( - 1, .a) can clearly be made in such a way that R( 1, a) and R( - 1, z) 
vanish identically. When F(z) = K+(a, a) and G(z) = K&3, z) for given 
numbers 01 and j?, the resulting identity reads 
W) + 44 - k2) VW - W, P)JV)l/@ - 1) 
- &(I - k2) [WI - S(- 1, B>F(- 1>1/(P + 1) = &). 
An equivalent identity is 
K+(w, 4 + id1 - w [K+(w, x)- S(l) 4 K+(w, l)l/@ - 1) 
- i(l - k2) [K+( w, z) - q- 1, z) K+(w, - l)l/(z + 1) 
= Iqw, z). 
The identity can be written 
P+(x) + H1 - k2) P+(f4 - su, 4 B+(l)ll(~ - 1) 
- &( 1 - k2) [B+(z) - S( - 1,~) B+(- l)l/(z + 1)) g+(w) 
- {A+(4 +Hl - k2) [A+(4 - W, 4 A+U)ll(z - 1) 
- 3(1 - k2) [A+(4 - SC- 174 A+(- l)l/(~ + 1)) B+(w) 
- +(l - k2) S(1, a) [B+(l) z+(w) - A+(l) B+(w)]/(l - w) 
+ &( 1 - k2) S(- 1, z) [B+(- 1) A+(w) - A+(- 1) B+(w)]/(- 1 - r-~) 
= IL(z) A=(w) - A&) B-(w). 
Since the domain of multiplication by z2 is assumed to contain a nonzero 
element, the functions A+(z), B+(z), K+( 1, z), and K+(- 1, a) are linearly 
independent. Since the identity implies that A-(z) and B-(z) are linear 
combinations of these functions, the identity implies that 
S(1, x) = A-(x) U(l) + B-(z) o(1) 
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and that 
S(- 1, .z) = A-(z) u(- 1) + B-(x) w(- 1) 
for some numbers u(l), w(l), u(- I), and w(- l), which are real because 
S( 1, a) and S( - 1, z) are real for real z. It follows that 
A+@) +&(I - h2) [A+(@ - w, 4 A+(l)ll(x - 1) 
- 6(1 - K2) [A+(a) - S(- 1, s) A+(- l)l/(a + 1) 
= A-(z)p + B_(z) r 
and that 
B+(z) + i(l - h2) P+(4 - w 4 ~+(1)1/(~ - 1)
- a( 1 - k2) [B+(x) - S(- 1, s) B+(- l)l/(z + 1) 
= A-(z) q + B-(z) s 
for real numbers p, q, r, and s such that 
A-(4 - i(1 - h2) 41) LB+@) A+(l) - A+(4 B+(l)ll(~ - 1) 
+ a(1 - h2) v(- 1) P+(4 A+(- 1) - A+@) B+(- l)l/(z + 1) 
= A+(z) s- B+(z) r 
and 
w4 - 31 - k2) 41) P+(4 A+(l) - A+(-4 B+UM~ - 1) 
+ 9(1 - h2) N- 1) P+(4 A+(- 1) - A+(4 B+(-- 1)1/b + 1) 
= - A+(z) Q + B+(z) P* 
When A-(z) and B-( z are eliminated from these identities, a pair of ) 
equations is obtained in which all terms except constant multiplies of A+(z) 
and B+(z) belong to the space. Since A+(z) and B+(z) cannot both belong to 
the space, the equations imply that ps - qr = 1. 
Since the transformation F(z) -+F(- z) + h[F(- a) - F(z)]/z is an 
isometry in Z(E+), every element of the space is the orthogonal sum of an 
even function of z and of a function whose product by z + h is an even 
function of z. Since the same hypothesis is made for Z(.?L), the decomposi- 
tion is also orthogonal in the norm of that space. The hypotheses now imply 
that 
VW - fw, 4W)ll(~ - 1) - F(z) - q- 1, z)F(- 1>1/(2 + 1) 
is an even function of x whenever F(z) is an even function of z, and that its 
product by z + h is an even function of .z whenever the product of F(z) by 
409/40/2-9 
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z + h is an even function of a. It follows that u(l) y= u(- 1) and that 
(h - 1) v(1) = (h + 1) v(- 1). Multiply each of the last four identities by 
a2 - 1 and write each term as the sum of an even function of x and of a 
function whose product by x -+- h is an even function of z. It is easily seen 
that 4 = 0 and r = 0. 
A straightforward calculation will show that the last four identities are 
equivalent to the equations 
and 
A+(4 P - B+(l) a) - B+(- 1) fl(- I)1 
+ (z + 4 B+(4 P+(l) 4) - A+(- 1) + I)1 
= a4 M+(l) 41) + A+(- 1) u(- 111 
+ (z + h) B-(.4 U+(l) v(l) - A+(- 1) v(- l)] 
B+M PP - A+(l) 41) - A+(- 1) UC- 111 
+ (x - 4 A+@) P+(l) 41) - B+(- 1) UC- 111 
= u9P[B+U) 4) + &- 1) 4- 1)l 
+ (z - h) U4P[B+U) 41) - B+(- 1) UC- l)l, 
where the constants satisfy the conditions 
[A+(l) 41) + A+(- 1) + 1)l P+(l) $1) + B+(- 1) UC- 1)l 
= (1 - h2) [A+(l) V(1) - A+(- 1) V(- 1)] [B+(l) U(1) - B+(- 1) U(- 1)] 
and 
[2p - A+(l) U(1) - A+(- 1) U(- I)] [2S - B+(l) V(1) - B+(- 1) V(- I)] 
= (k2 - P) [A+(l) V(1) - A+(- 1) V(- 1)] [B+(l) U(1) - B+(- 1) U(- I)]. 
The equations are to be replaced by 
A+@) = a4 P and (x2 - k2) B+(z) = (x2 - 1) B&z) s 
if B+(l) = 0 or u(1) = 0, and by 
(z” - k2) A+(z) = (9 - 1) A-(z)p and B+(z) = B-(z) s 
ifA+ =Oorv(l) =O.IfA+(l)andB+(l) are nonzero, there exist numbers 
q+ , Y+ , q- , and Y- such that 
(1 + h) A+(l) B-(k) - (k + A) B+(l) 44 = A+(l) q+ = A+(l) 
(1 - h) B+(l) A-(k) - (k - h) A+(l) B-(k) B+(l) B+U 1 r+ 
= A-(k) q- = A-(k) 
B-W B-(k) r- ’ 
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Since E+(x) and E-(z) are chosen so that A+(z)/A-(x) has value 
(1 - h)/(k - h) at h, the identities can be written 
(k - h) A+(z) + (z + h) B+(z) Y+ = (1 - h) A-(z) + (z + h) B-(x) r- 
and 
(z - h) A+(z) q+ + (A + A) B+(x) = (z - 4 44 q- + (1 + 4 u4, 
where q+r+ = 1 = q-r- . These identities are equivalent to the identities in 
the statement of the theorem. 
Proof of Theorem 2. The proof is obtained by reversing steps in the proof 
of Theorem 1. See the analogous proof of Theorem 2 of [l]. 
Proof of Theorem 3. The hypotheses imply that the integrals 
s b fw, VI~+(4 1)” da+(t), a 
I b 4~ W/A+(t, 1)” 4+(t), a 
s b B+(t, l)“/B-(t, k)2 da-(t), a 
s 
b 
A+(4 lJ2/U, kj2 dy-(t) 
a 
are finite when 0 < a < b < CO, and that the integral equations 
P(b, 4 - P(a, 4 
= (k - h) j” P(t, z) A-@, k)/B-(t, k) da-(t) 
a 
+ (1 - 4 j” PO, 4 A+@, lP+(t, 1) da+(t) 
a 
- (z + h) j: Q(t, 4 B-(c W-k 4 A+@, l)/B+(t, 1) da+(t) 
and 
Q(b, 4 - Q(a, 4 
= - (k + h) j” Q(t, 4 K(t, k)IA-(t, 4 &-(t) 
a 
- (1 + 4 j” BP, 4 B+(f, lP+(~~ 1) h+(t) 
a 
+ (z - 4 j” W, 4 A-(4 4/U, k) B+(t, l)M+(t, 1) ++(t) 
a 
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are meaningful when P(t, z) and Q(t, a) are continuous functions of t > 0 
for any fixed complex number z. Solutions are the pair 
p+p, x) = B-(t, k) [(z + A) B+(t, 4 A+(4 1) 
- (1 + A) A+(4  B+(t, 1)1/(x2 - 1) 
and 
Q+(t, 4 = ,4-(t, 4 Kl - 4 B+(t, 4 A+(4 1) 
- (x - 4 A+@, 4 B+(t, l>l/(~” - I), 
and the pair 
and 
e(t, z) = B+(t, 1) [(z + h) B-Q, a) A$, k) 
- (k + h) A-(t, z) B-(t, k)]/(z” - k2) 
Q-(t, .z) = A+(t, 1) [(k - h) B-(t, a) A$, k) 
- (z - h) A-(t, z) Be(t, k)]/(.z2 - k2). 
It follows that the function 
JV4 4 = p+(t, 4 Q-k 4 - Q+@, 4 p-(4 4 
satisfies the integral equation 
yb, 4 - wa, 4 = (1 - A) j" wt, 4 A+(4 l)lB+V, 1) da+(t) a 
- (1 + 4 j" wt, 4 B+(t, l)lA+(t, 1) b+(t) a 
+ (k - A) j” W(t, z) A-@, k)/B-(t, k) da-(t) 
a 
- (k + h) j” W(t, z) B-(t, k)/L(h k) h-(t), 
a 
when 0 < a < b < co, and that the expression 
W, 4l[A+(t, 1) B+(t, 1) A-(& 4 B-(4 41 
is independent of t. Since 
lim A+(t, a) = 1 - h, lim B+(t, z)/cd+(t) = (1 - h) (a - h), 
lim L(t, a) = k - h, lim B-(t, z)/a-(t) = (k - h) (z - h) 
as t \ 0, the expression has limit zero as t L 0 and so vanishes identically. 
Since the derivative of the expression 
f’+(t, 4P’-(t> 4 = Q+k 4/Q-k 4 
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is identically zero, it is independent of t. It is equal to one because 
P+(t, z)/[(Y+(~) ol-(t)] and P-(t, z)/[ol+(t) a-(t)] have the same limiting value, 
(1 - h)2 (k - h)2, as t L 0. The theorem follows. 
Proof of Theorem 4. By Theorems 7 and 18 of [I], there exist entire 
functions E+(t, Z) and E-(t, z), t > 0, and continuous, nondecreasing func- 
tions a+@), y+(% Q), and y-(t) of t > 0 such that these conditions are 
satisfied: Spaces $‘(E+(t)) and *(E-(t)) exist for every index t, and the 
equations E+(t, Z) = E+(x) and E-(t, Z) = E-(z) hold for all sufficiently 
large t. The entire functions A+(t, z), (.z + h) B+(t, x), A-(t, z), and 
(Z + h) B-(t, x) are even functions of z for every index t. The expressions 
E+(t, x) and G(t, Z) are continuous functions oft for every complex number 
Z. The integral equations of Theorem 1 are satisfied, and B+(t, x) and 
B-(t, Z) have limit zero as t goes to zero for all complex Z. These conditions 
imply that the limits of A+(t, x) and A-(t, Z) exist as t goes to zero. The limit 
functions are even entire functions ofP6lya class which have no zeros. Since 
the limit of A+(& x)/A-(t, Z) is of bounded type in the upper half-plane, it is a 
constant. Since A+(t, x)/A-(t, Z) h as value A+(h)/&.(h) at h and since E+(Z) 
and E-(Z) are related as in Theorem 1, the constant is equal to (1 -- h)/(k - h). 
It follows that the limit of A+(t, Z) is (1 - h) S(x) and the limit of A-(t, Z) 
is (k - h) S(Z) for an even entire function S(Z) of P6lya class, which is real 
for real z because A+(t, x) and A-(t, Z) are real for real Z. If a+(t) and m-(t) 
are chosen to have limit zero as t goes to zero, then it follows from the P6lya 
class theory that a+(t) and a-(t) are positive when t is positive and that the 
integrals $, a+(t) c++(t) and Ji a-(t) dye(t) are finite. The spaces *(E+(t)) 
and #(E-(t)) are contained in the spaces %(E+) and X(E-) for every index t, 
and the respective inclusions do not increase norms. The inclusion of 
~(E+W in WE+) is isometric if, and only if, t does not belong to an interval 
(a, b) such that CL+(U) = a+(b) and r+(a) < r+(b) or r+(a) == y+(b) and 
IX+(U) < a+(b). The inclusion of X(&(t)) in Z(E-) is isometric if and only if 
the same condition holds with plus replaced by minus. If t is an index such 
that *(E+(t)) is of dimension greater than two and is contained isometrically 
in Z(E+), then there exists an index s such that #(E-(s)) coincides with 
X’(E+(t)) and is contained isometrically in Z(G). The parametrization can 
therefore be made in such a way that *(E+(t)) and X(E-(t)) satisfy the 
hypotheses of Theorem I whenever H(E+(t)) is of dimension greater than 
two and is contained isometrically in S(E+), or X(E-(t)) is of dimension 
greater than 2 and is contained isometrically in H(e). Since A+(t, z)/A-(t, Z) 
has the same value as A+(z)/A-(z) at the point h, it follows that E+(t, z) and 
E-(t, Z) are related as in Theorem 1 for every such index t. 
Consider an interval (a, b) such that X(E+(u)) and X(E+(b) are contained 
isometrically in X(E+), but #(E+(t)) is not contained isometrically in 
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.X“(E+) when a < t < 6. Then Z(E-(a)) and X(E-(b)) are contained 
isometrically in Z’(E-), and ~(JL(t)) . is not contained isometrically in 
S(K) when a < t < b. Either a+(t) and a-(t) or y+(t) and y-(t) are constant 
in (a, b), and the equations 
hold for a < t < b. It follows that 
[(z + 4 B+(b, 4 A+(& 1) - (1 + 4 A+(4 4 B+(h 1)1/(~2 - 1) 
- [(x + 4 B+(a, z) A+(% 1) - (1 + A) A+(& 4 B+(a, 1)1/(z2 - 1) 
= A+(% 4 A+(% 1) b+(b) - ~+Wl, 
w - 4 B+(h 4 A+(& 1) - (z - h) A+(6 4 B+(h 1)1/(x2 - 1) 
- [(I - 4 B+(a, 4 A+(% 1) - (z - 4 A+(% 4 B+(a, 1)1/(~2 - 1) 
= B+(% 4 B+@, 1) [Y+(W - r+Wl, 
[(z + h) B-(b, x) A-(b, k) - (k + h) A-@, z) B$, k)]/(z” - k2) 
- [(z + h) &(a, z) A&, k) - (k + h) &(a, x) B-(a, k)]/(z2 - k2) 
= &(a, z) A-(a, k) [a-(b) - K(U)], 
[(k - h) B-(b, z) A@, k) - (z - h) A@, z) B-(b, k)]/(x” - k2) 
- [(k - h) B&z, z) A-(a, k) - (z - h) A-(a, x) B-(a, k)]/(z2 - k2) 
= &(a, z) B-(a, k) [y-(b) - y-(u)]. 
Assume that the functions E+(a, z) and &(a, z) and the function E+(b, z) and 
G(b, z) are related as in Theorem 1. If a+(u) = a+(b) and K(U) = a-(b), 
a straightforward calculation will show that 
4a> 4 46 4 B+(a, II2 [Y+(@ - r+@>l 
= A+@, 1) A+(& 1) B-b k12 [y-U4 - r-(41, 
and that 
(1 + Al2 b+(b) - r+Wl = (k + 4’ [Y-W - r-(41 
if A+(a, 1) = 0 and &(a, k) = 0. If r+(a) = y+(6) and r-(u) = r-(b), then 
B-b, 4 B-V, 4 A+@, 1)’ [a+(b) - a+(41 
= B+(u, 1) B+(b, 1) L(u, k)2 [a-(b) - CL(U)], 
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and 
(1 - h)2 [lx+(b) - a+(a)] = (k - h)2 [CL(b) - CL(u)] 
if B+(a, 1) = 0 and &(a, k) = 0. If the spaces are parametrized so that the 
same identities hold with b replaced by t, a < t < 6, then the functions 
E+(t, z) and E-(t, a) are related as in Theorem 2 for these values of t. 
The spaces have been parametrized so that E+(b, s) and E-(b, z) are related 
as in Theorem 2 whenever the spaces *(E+(b)) and #(E-(b)) are of dimen- 
sion greater than two. The same conclusion holds by continuity for the largest 
value of b such that the spaces #(E+(6)) and #(G(b)) are of dimension 
equal to two, if there is such a value of b. In this case there exists a parameter a, 
0 < a < 6, such that y+(t) and y-(t) are constant in (0, a) and a+(t) and y+(t) 
are constant in (a, b). It follows that 
and the conditions of Theorem 2 reduce to the equation 
(1 - w2 a+(4 [Y+(4 - r+(4lU - P2 - h2) 44 [r-v4 - r-WI> 
= (k - N2 44 [Y-v4 - r-WI u - (1 - h2) a+(4 [Y+(b) - r+@>l~~ 
If the spaces are parametrized so that the same condition holds with b 
replaced by t for a < t < b, then E+(t, z) and K(t, a) are related as in 
Theorem 2 for these values of t. 
The spaces have been parametrized so that E+(u, x) and E-(a, 2) are related 
as in Theorem 2 whenever X(E+(u)) and Z’(E-(a)) are of dimension greater 
than one. The same conclusion holds when the spaces are of dimension 
equal to one since for these values of a, 
A+(% 4 = (1 - 4 qq, B+(a, 4 = (1 - 4 (x - A) 8.4 ~+(4, 
&(a, z) = (k - h) S(z), &(a, z) = (R - h) (z - h) S(z) a-(u), 
and the conditions of Theorem 2 are automatically satisfied. The theorem is 
now proved by an obvious calculation which reverses the procedure used in 
the proof of Theorem 3. 
Proof of Theorem 5. Construct the functions E+(t, z) and E-(t, z) as in 
the proof of Theorem 4 so that E+(t, a) = E+(z) and E-(t, z) = E-(z) for all 
sufficiently large t. By Theorem 6 of [l], for every positive number t there 
exists a space X(&f(t)) such that 
E-(t, z) = (k - h) D(t, - z) - i(k - h) C(t, - x). 
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The spaces can be chosen so that whenever a < b there exists a space 
X(M(a, b)) such that 
M(b, z) = M(a, z) M(a, 6, z). 
It follows from the ordering theorem for Hilbert spaces of entire functions, 
Theorem 35 of [2], that for every positive number t, there exists a corre- 
sponding positive number s such that 
E+(s, z) = (1 - h) A+@, z) - i(1 - h) B+(t, a). 
The equations relating E+(t, z) and G(t, z) in Theorem 1 imply that 
and 
lim sup / E+(t, iy)/E-(t, iy)l < co 
lim sup I E-(t, iy)/E+(t, iy)l < co 
as y--f + 00. Since [D(t, z) + iC(t, x)]/[A(t, z) - iB(t, z)] is an analytic 
function whose real part is nonnegative in the upper half-plane, the Poisson 
representation implies that 
and 
lim sup y-l[E+(s, iy)/E-(t, iy)] < co 
lim sup y-l[E-(t, iy)/E+(t, iy)] < co 
as y + co. Ifs < t, then S’(E+( s )) . is contained in X(E+(t)) and the inclusion 
does not increase norms. Since 
lim sup y-l / E+(t, iy)/E+(s, iy)l < co 
as y -+ + co, the domain of multiplication by z in &‘(E+(t)) is contained 
isometrically in *(E+(s)). If t < s, then #(E+(t)) is contained in #(E+(s)) 
and the inclusion does not increase norms. Since 
lim sup y-l I E+(s, $)/E+(t, iy)l < co 
as y -+ + 00, the domain of multiplication by z in #(E+(s)) is contained 
isometrically in #(E+(t)). By continuity in t, the spaces X(E+(s)) and 
X(E+(t)) are isometrically equal if either one is contained isometrically in 
&‘(E+), and in this case s = t. A straightforward calculation using the 
equations of Theorem 1 will show that there is no index t such that s = t 
and such that the domain of multiplication by z is not dense in X(E+(t)). The 
theorem follows. 
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Proof of Theorem 6. lfB+(t, l)/A+(t, 1) and B-(t, k&4-(t, k) are defined 
as in the statement of the theorem, a straightforward calculation with elliptic 
functions will show that the equations 
EB+(t, 1)/A+@, 1)l’ = (1 - 4 44 + (1 + 4 LB+@, l)M+(t, I>]” y’(t) 
and 
[B-(t, k)/A-(t, k)]’ = (k - h) y’(t) - (k + h) [B-(t, k)/A-(t, k)12 a’(t) 
are satisfied at points where B+(t, l)/A+(t, 1) and B-(t, k)/A-(t, k) are defined. 
The equations 
[A+(4 lP+(t, I>]’ = - (1 - 4 [A+@, 1)lB+(t, I)]” c4t) - (1 + h) y’(t) 
and 
[A-(t, k)/B-(t, k)]’ = - (k - h) [A-(t, k)/B-(t, k)12 y’(t) - (k - h) a’(t) 
are satisfied at points where A+(t, I)/B+(t, 1) and A-(t, k)/B-(t, k) are defined. 
The functions B+(t, l)/A+(t, 1) and B-(t, k)/A-(t, k) have limit zero at the 
origin. It follows that the hypotheses of Theorem 3 are satisfied with 
a+(t) = a(t) = y-(t) and y+(t) = y(t) = LX(~). The theorem follows. 
Proof of Theorem 7. By Theorems 4 and 5, there exists a choice of a+(t), 
y+(t), a-(t), and y-(t) in Theorem 3 such that a space %(&l(t)) exists with 
and 
E+(t, z) = (1 - h) A(t, z) - i(1 - h) B(t, z) 
E-(t, z) = (k - h) D(t, - z) - i(k - h) C(t, - z) 
for every positive number t and such that 
E+(% 4 = E+(z) and IL(a, z) = E-(z) 
for some index a. It follows that a+(t) = y-(t) and that y+(t) = a-(t). Let 
a(t) = a+(t) and y(t) = y+(t). The equations of Theorem 3 imply that 
(k + 4 B+k l)lA+(t> 1) - (k - 4 A+@, 1)/B+@, 1) 
and 
(1 + h) JL(t, k)/L(t, k) - (1 - h) A-(t, k)/B-(t, k) 
are absolutely continuous functions of t which have equal derivatives almost 
everywhere in any interval of continuity. It is convenient to parametrize the 
spaces so that a’(t) y’(t) = 1. Then 
4) = P+k lP+(t, 1Il/P-(4 WUt, 41 
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is a twice differentiable function of t such that 
d(t)/d(t) = (1 + h) B-(t, R&L(t, k) + (1 - h) L(t, k)/B-(t, k) 
- (k + h) B+(G lM+(4 1) - (k - h) A+(t, 1)/B+@, J ) 
and 
[a”(t)/d(t>] = 2(1 + h) (k - /2)/d(t) - 2(1 - h) (R + h) a’(t). 
Since the equations of Theorem 1 imply that B+(t, 1)/B-(t, A), 
A+(t, 1)/A-(& k), B-(t, k)/B+(t, I), and A-(t, k)/A+(t, 1) are continuous 
functions of t > 0, it follows that 
and 
(k + 4 B+(t, 1)/A+@, 1) - (1 + 4 B-(4 w-u, 4 
(k - A) A+@, 1)/B+@, 1) - (1 - A) A-(& wut, k) 
are continuous functions of t > 0. Since 
and 
py B+(t, l)/[@) A+(& 111 = 1 - h 
lj\l$ B-(t, k)/[y(t) A-(t, k)] = k - h, 
it follows that 
and that 
~~~~‘~~>/~~~>~l/~r’~~~ir~~~“l = (1 - W(k - v 
;\r a(t)/y(t) = (k - Iz)~/(~ - h)2, 
from which it follows that 
and that 
hi a(t)/t = (k - h)/‘(l - h) 
li\i y(t)/t = (1 - h)/(k - h). 
Since the expression 
(k + 4 B+(t, l)lA+(t, 1) - (k - 4 A+(6 l)lB+(t, 1) 
- (1 + h) B-(t, k)/A-(t, k) + (1 - h) A-(t, k)/B-(t, k) 
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is constant in any interval where B+(t, l)/A+(t, 1) and A+(t, l)/B+(t, 1) are 
defined, since it is continuous at the points where these fractions are not 
defined, and since it has limit zero at the origin, it vanishes identically. If 
24) = (h + h) B+(4 l)lA+(4 1) - (A - 4 A+(& l)P+(f, l), 
then 
u’(t)2 = 4[u(t)2 + 1 - h2] [u(t)2 + k2 - h2] 
and the expressions for B+(t, l)/A+(t, 1) and B-(t, K)/A-(t, k) given in the 
statement of Theorem 6 can be verified. The theorem follows. 
Proof of Theorem 8. By Theorem 42 of [2], there exists a nondecreasing 
function p+(x) of real x such that Z’(E+(a)) . is contained isometrically in 
L*(p+) for every positive number a. The union of the spaces %‘(,?+(a)) is 
dense in L2(p+). Since the spaces admit the transformation 
F(x) +F(- z) + h[F(- x) - F(z)]/z 
as an isometry, the identity 
I ’ (t - h) &+(t) = 0 -z 
holds whenever P+(X -) = p+(x +). A n entire function F(x) belongs to 
*(E+(a)) if, and only if, it belongs to L2(p+) and is of bounded type and of 
mean type at most a in the upper and lower half-planes. For the same reasons 
there exists a nondecreasing function p-(x) of real x which has the same 
relationship to the spaces %‘(E-(a)). Since X(,!?+(a)) and &‘@-(a)) are 
related as in Theorem 1 for every positive number a, the identity 
Jr (t2 - 1) C++(t) = J; (t2 - k2) d/L(t) 
holds whenever p+(x -) = p+(x +) or p-(x -) = p-(x +). Since a space 
%(M(u)) exists for every positive number a such that 
and 
E+(u, 2) = (1 - h) A@, cz) - i(1 - h) B(a, zi) 
E(u, z) = (h - h) @a, - x) - i(k - h) C(u, - z), 
there exists a function V(Z), analytic in the upper half-plane, such that the 
identities 
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hold for y > 0. The relationship between p+(x) and p-(x) implies that these 
are continuous functions of x which are constant in the intervals (- 1, - K), 
(- h, h), and (k, l), which are differentiable in the intervals (- co, - I), 
(- k, - h), (h, A), and (1, co), and whose derivatives there are given by 
(1 - h)a (K - h)2 p+‘(x)2 = (X + h)/(x - h) (9 - P)/(X” - 1) 
and 
(1 - Iz)~ (K - h)s /L’(x)~ = (X + h)/(x - h) (x” - 1)/(x2 - k2). 
The theorem follows because an entire function which is square integrable 
with respect to p+(x) or p-(x) is of exponential type at most a if, and only if, 
it is of bounded type and of mean type at most a in the upper and lower 
half-planes. 
Proof of Theorem 9. The theorem is obtained by making changes of 
variable in Theorem 11 of [I]. 
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